A function from Baire space N N to the natural numbers N is called formally continuous if it is induced by a morphism between the corresponding formal spaces. We compare formal continuity to two other notions of continuity on Baire space working in Bishop constructive mathematics: one is a function induced by a Brouwer-operation (i.e. inductively defined neighbourhood function); the other is a function uniformly continuous near every compact image. We show that formal continuity is equivalent to the former while it is strictly stronger than the latter.
Introduction
In the development of Bishop constructive mathematics [3] , pointwise continuous functions on a compact metric space need not be uniformly continuous. Thus, we need to adopt a stronger notion of continuity in order to avoid Fan Theorem to which a recursive counter example is known [15, Chapter 4, Section 7.6] . In particular, Bishop defined a function on a locally compact metric space to be continuous if it is uniformly continuous on every compact subset.
1
This notion works well as long as locally compact metric spaces are concerned. Moreover, it was shown by Palmgren [12] that continuous maps between locally compact metric spaces are equivalent to morphisms between the corresponding formal spaces (i.e. constructive point-free topologies [14] ). Specifically, there exists a bijective correspondence between continuous maps between locally compact metric spaces and morphisms between their localic completions, the latter being a particularly well-behaved construction of point-free topologies from metric spaces due to Vickers [18] . Then, a function f : X → Y between complete metric spaces is called formally continuous if it is induced by a morphism between the localic completions of X and Y ; see Palmgren [13, Section 2] . Palmgren's result [12] says that Bishop's continuity and formal continuity are equivalent for locally compact metric spaces. Subsequently, Palmgren [13] studied the relation between formal continuity and continuity in Bishop constructive analysis in a wider context of complete metric spaces. In this context, the following notion of continuity is often used in Bishop constructive analysis [4] . 2 Note that this extends the notion of continuity on locally compact metric spaces; see e.g. Palmgren [ 
Palmgren [13, Theorem 2.3] showed that for complete metric spaces, formal continuity implies strong continuity. He conjectured that strong continuity would be strictly weaker than formal continuity; in particular, there would be a model of Bishop constructive analysis in which there is a strongly continuous function on Baire space N N which is not formally continuous. Note that Baire space with its product metric is a paradigmatic example of a complete metric space which is not locally compact.
The aim of this paper is twofold. The first is to answer Palmgren's conjecture. This is done by comparing the strength the following two statements:
1. Every pointwise continuous function F : N N → N is strongly continuous.
Every pointwise continuous function
We show that the first statement follows from Brouwer's Fan Theorem while the second statement implies decidable Bar Induction. There are already several models of constructive analysis in which Fan Theorem holds but decidable Bar Induction fails; see Fourman and Hyland [8] . In one of such models, we find a strongly continuous function which is not formally continuous; see Section 3. The second aim is to characterise formally continuous functions between Baire space and natural numbers. We show that formally continuous functions are equivalent to functions induced by Brouwer-operations, the notion which is familiar in intuitionistic mathematics; see Section 4. Our result suggests that Brouwer-operations may provide a good notion of continuity on Baire space in Bishop constructive analysis. Section 3 and Section 4 are independent and can be read in any order. Section 2 is a preliminary on formal Baire space and formally continuous functions.
Formal system
We work in Aczel's constructive set theory CZF, which may serve as a formal system for Bishop's constructive mathematics. Our basic reference for CZF is the note by Aczel and Rathjen [2] . In Section 2 and Section 3, we work in CZF extended with the Regular Extension Axiom. This axiom is more than sufficient for the definition of formal Baire space; see Aczel [1, Section 6] . In Section 4, we work in CZF extended with Countable Choice (AC ω ) and the axiom asserting that "The Brouwer ordinals form a set". These axioms are discussed in detail by van den Berg and Moerdijk [17, Appendix B] . Here, the class BO of Brouwer ordinals is the smallest class that is closed under the following clauses:
van den Berg and Moerdijk [17] showed that the system CZF + AC ω +"The Brouwer ordinals form a set" allows us to define formal Baire space; see also Remark 4.9. Hence, this system seems to be a minimum setting in which the results of Section 4 can be formalised.
Notation
We adopt the following notation. The set of finite sequences of natural numbers is denoted by N * , and the set of finite binary sequences is denoted by {0, 1} * .
The letters k, n, m, N, M range over natural numbers N, and a, b range over N * . Greek letters α, β, γ, . . . range over the sequences N N . The symbol 0 ω denotes the constant sequence of 0.
An element of N * of length n is denoted by a 0 , . . . , a n−1 , and the empty sequence is denoted by . The length of a is denoted by |a|, and the concatenation of a and b is denoted by a * b. The concatenation of finite sequence a followed by a sequence α is denoted by a * α so that (∀n ∈ N) n ≥ |a| → a * α(n) = α(n · −|a|). The initial segment of α of length n is denoted by αn. Sometimes, we identify a finite sequence a with a basic open subset of Baire space with the product topology. In this case, α ∈ a means α|a| = a. The relation a b (or a ≺ b) means that a is an initial segment (respectively strict initial segment) of b. We often use lambda notation to denote functions, for example 0 ω = λn.0.
Formally continuous functions on Baire space
We recall the notion of formal Baire space from Fourman and Grayson [7, Example 2.6 (2)], and that of formally continuous function from Palmgren [13, Section 2] . We use the predicative notion of formal space, i.e. formal topology by Sambin [14] . Our reference for formal topology is Fox [9] .
is a relation between N * and the subsets of N * inductively defined by the following three clauses:
Note that a ✁ B U if and only if there exists a "canonical proof" of the fact that "U bars a"; see Brouwer [6, Section 2] 
for all a ∈ N * and U ⊆ N * , where U is the closure of U under extension:
Proof. By induction on ✁ B and ◭ B .
The set of formal points of B is denoted by Pt(B).
By induction on ✁ B , one can show that a subset α ⊆ N * is a formal point if and only if α satisfies 1 and 2 above, and for each a ∈ N * and
Note that we can identify a formal point α ∈ Pt(B) with a sequence
where a α is a unique a α ∈ α such that |a α | = n + 1. 
where
By the condition (2.1), it is easy to see that the function Pt(r) :
is a well-defined mapping from Pt(B) to Pt(N ). 
Here, i B and i N are bijections defined by
Remark 2.7. Palmgren [13, Section 3] showed that formal Baire space is the localic completion of Baire space with the product metric
Hence, the notion of formally continuous function given in Definition 2.6 is equivalent to Palmgren's corresponding notion in [13] .
Strongly continuous functions
We show that strongly continuous functions on Baire space need not be formally continuous. 
We focus on the special case where X is Baire space N N and Y is the discrete space of N. In this case, a strongly continuous function admits a simple characterisation. To see this, we recall further terminology.
A spread is a decidable tree T ⊆ N * such that
Here, T (a * n ) means a * n ∈ T . A fan is a spread T such that
A sequence α ∈ N N is a path in a tree T ⊆ N * , written α ∈ T , if (∀n ∈ N) T (αn). It is known that every inhabited compact subset of Baire space (with the metric defined by (2.3)) can be represented by the set of paths of some fan. Thus, the following is clear. 
We study the strength of the following statement:
SC Every pointwise continuous function F : N N → N is strongly continuous.
We restate SC in the style of Fan Theorem. Given a spread T , a subset P ⊆ N * is a bar of T if (∀α ∈ T ) (∃n ∈ N) P (αn).
Note that if T ′ is a sub-spread of T and P is a bar of T , then P is a bar of T ′ . A bar P of a spread T is uniform if
Note that every c-set is monotone, i.e. closed under extension. A c-bar is c-set that is a bar of the universal spread N * . The principle sc-FAN is the following statement:
sc-FAN Every c-bar is uniform with respect to every fan.
In other words, sc-FAN states that for every c-bar P and fan T , there exists N ∈ N such that (∀α ∈ T ) P (αN ). 
Since F is pointwise continuous, P is a c-bar. By sc-FAN, there exists N ∈ N such that (∀α ∈ T ) P (αN ), i.e.
Let α ∈ T and β ∈ N N and suppose that αN = βN . We have (∀b ∈ N * ) F (αN * 0 ω ) = F (αN * b * 0 ω ). Since F is pointwise continuous, there exists m ≥ N such that F (αm * 0 ω ) = F (α) and F (βm * 0 ω ) = F (β). Then,
Hence, F is strongly continuous.
(⇐) Assume SC. Let P be a c-bar and let T be a fan. Then, there exists δ :
where D α def = {n ∈ N | δ(αn) = δ(α(n + 1))}∪{1}. It is straightforward to show that F is pointwise continuous. Then F is strongly continuous by SC. Thus, there exists N ∈ N such that
. Hence P (αM ). Thus P is a uniform bar of T .
If P is a c-bar and T is a fan, then P is a Π We show that FC is equivalent to the following variant of Bar Induction introduced in [10] :
c-BI For any c-bar P ⊆ N * and a subset Q ⊆ N * , if P ⊆ Q and Q is inductive, then Q( ).
. We can restate c-BI in terms of "canonical proof" as follows. 1. c-BI
2.
✁ B P for every c-bar P ⊆ N * .
Proof. (1 ⇒ 2) Assume c-BI. Let P ⊆ N * be a c-bar. Define Q ⊆ N * by
Q(a)
def ⇐⇒ a ✁ B P . Then P ⊆ Q by η-inference, and Q is inductive by ̥-inference. Thus, by c-BI we have Q( ), i.e. ✁ B P .
(2 ⇒ 1) Assume 2. Let P ⊆ N * be a c-bar and Q ⊆ N * be an inductive subset such that P ⊆ Q. By the assumption, we have ✁ B P , and since P is monotone, we have ◭ B P by Lemma 2.2. Since Q is closed under η and ̥-inferences (with respect to P ), we have Q( ).
Lemma 3.8. In formal Baire space, we have
Proof. By induction on k.
Theorem 3.9. FC ⇐⇒ c-BI.
Proof. (⇒) Assume FC. We prove item 2 of Proposition 3.7. Let P be a c-bar, and let δ : .2). Then F is formally continuous by FC. Thus, there exists a formal topology map
Let a ∈ r − N, and let n ∈ N such that a r n. Choose k ∈ N such that |a| + k > n. Then, for each b ∈ a[k], we have It is straightforward to show that r is a formal topology map from B to N , and
By Proposition 3.3 and Theorem 3.9, we conclude as follows.
Theorem 3.10. If every strongly continuous function form Baire space to the natural numbers is formally continuous, then sc-FAN implies c-BI.
Recall that Fan Theorem is a statement obtained from Π 0 1 -FAN by omitting the restriction on bars, and decidable Bar Induction is a statement similar to c-BI but formulated with respect to decidable bars. Obviously, Fan Theorem implies sc-FAN and c-BI implies decidable Bar Induction.
Fourman and Hyland [8] constructed several sheaf models of constructive analysis in which Fan Theorem holds but decidable Bar Induction fails. 3 In one of their models [8, Theorem 3.8] , there is a decidable, monotone, and inductive bar P such that ¬P ( ). Since P is decidable and monotone, P is a c-bar with respect to its characteristic function χ P : N * → {0, 1}. Thus, we can define a pointwise continuous function F : N N → N as in (3.2). Since Fan Theorem holds in this model, F is strongly continuous. If F is formally continuous, then we can derive ✁ B P as in the proof of the direction (⇒) in Theorem 3.9. Since P is monotone and inductive, we have P ( ), which is a contradiction. Hence, F is strongly continuous but not formally continuous in this model.
Brouwer-operations
We show that formally continuous functions from Baire space to the natural numbers are equivalent to functions induced by Brouwer-operations. The latter notion is well known in intutionistic mathematics, and plays an important role in the theory of choice sequences; see Kreisel and Troelstra [11, Section 3] 
where γ n def = λa.γ( n * a) for each n ∈ N. If γ ∈ K is introduced by the second clause, we write sup n∈N γ n for γ.
Remark 4.2. If the class BO of Brouwer ordinals form a set, then K is a set. This can be seen as follows. First, we define a class K * by induction:
Clearly, K * is isomorphic to BO . Then, it is straightforward to show that K is isomorphic to the set
Each Brouwer-operation γ ∈ K is a neighbourhood function, i.e. it has the following properties:
Hence, a Brouwer-operation γ defines a continuous function F : N N → N whose value at α ∈ N N is γ(αn) · − 1, where αn is the shortest initial segment of α such that γ(αn) > 0; in other words αn ∈ Bar(γ) where Bar(γ) is defined as in (4.1). The function F : N N → N that arises in this way is called realisable.
In this case, we write F γ. We say that a function F : N N → N is realisable if it is realised by some Brouwer-operation.
Note that each Brouwer-operation realises exactly one function, but two different Brouwer-operations may realise the same function. 
for all γ ∈ K by induction on K. γ = λa.n + 1 for some n ∈ N: Let F : N N → N such that Φ(F, γ). Since Bar(γ) = { }, the function F is constant. Thus F λa.F (0 ω ) + 1.
we have Φ(F n , γ n ), where
. By induction hypothesis and AC ω , there exists a sequence (γ
Definition 4.5. Let Cov be a collection of pairs (a, U ) ∈ N * ×P(N * ) inductively defined by the following clauses:
The following lemma says that Cov is a set presentation of B. The result is not new; see e.g. van den Berg and Moerdijk [17, Proposition B.4] . However, our proof seems to be more direct and worth noting. Lemma 4.6. For any a ∈ N * and U ⊆ N * , we have
Proof. By Lemma 2.2, it suffices to show that
for all a ∈ N * and U ⊆ N * . The proof is by straightforward induction on ◭ B and Cov respectively. Note that the proof of the direction (⇒) requires AC ω in the case where a ◭ B U is derived by ̥-inference. The following is a key lemma which relates formal continuity and continuity with Brouwer-operations. {a} ∈ Cov(a): Take γ = λa.1. Then, Bar(γ) = { }, so a * Bar(γ) = {a}.
(∀n ∈ N) U n ∈ Cov(a * n ) n∈N U n ∈ Cov(a)
: By induction hypothesis and AC ω , there exists a sequence (γ n ) n∈N of Brouwer-operations such that a * n * Bar(γ n ) = U n for each n ∈ N. Put γ = sup n∈N γ n . Since Bar(γ) = n∈N n * Bar(γ n ), we have a * Bar(γ) = n∈N U n .
(⇐) It suffices to show that (∀a ∈ N * ) a * Bar(γ) ∈ Cov(a) for all γ ∈ K, which is proved by induction on K. The argument is similar to the proof of the direction (⇒). Note that AC ω is not required. We are ready to state the main result of this section. It is shown in [10] that, under the assumption of AC ω , the statement c-BI (see Section 3) is equivalent to the following statement:
UC B Every pointwise continuous function F : N N → N is realisable.
This now becomes a corollary of Theorem 3.9 and Theorem 4.11.
